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POLYNOMIAL GROWTH OF THE VOLUME OF BALLS
FOR ZERO-ENTROPY GEODESIC SYSTEMS
CLÉMENCE LABROUSSE
Abstract. The aim of this paper is to state and prove a polynomial
analogue of the classical Manning inequality, relating the topological
entropy of a geodesic flow with the growth rate of the volume of balls
in the universal covering. To this aim, we use a numerical conjugacy
invariant for dynamical systems, the polynomial entropy. It is infinite
when the topological entropy is positive. We first prove that the growth
rate of the volume of balls is bounded above by means of the polynomial
entropy of the geodesic flow. For the flat torus this inequality becomes an
equality. We then study explicitely the example of the torus of revolution
(which is a case of strict inequality). We give an exact asymptotic
equivalent of the growth rate of volume of balls.
1. Introduction and main results
Let (M,g) be a compact Riemannian manifold. The Hamiltonian geodesic
flow is the flow associated with the geodesic Hamiltonian H on T ∗M defined
by
H : T ∗M −→ R
(m, p) 7→ g∗m(p, p)
where g∗m is deduced from gm by the Legendre transform. The projections on
M of the solutions of the flow are the geodesics of the metric. Throughout
this paper, we consider only smooth metrics with complete geodesic flows.
1.1. Topological and polynomial entropies. Given a compact metric
space (X, d) and a continuous flow φ : R×X → X : (t, x) 7→ φt(x), for each
t > 0, one can define the dynamical metric
(1) dφt (x, y) = max
0≤k≤t
d(φt(x), φt(y)).
All these metrics dφt are equivalent and define the same topology as d on X.
In particular, (X, dφt ) is compact. So for any ε > 0, X can be covered by a
finite number of balls of radius ε for dφt . Let Gt(ε) be the minimal number
of balls of such a covering. The topological entropy of f is defined by
htop(φ) = lim
ε→0
lim sup
t→∞
1
t
logGt(ε).
When the topological entropy vanishes, the complexity of dynamical systems
can be described by several natural non equivalent conjugacy invariants -
the polynomial entropies - which depict the polynomial growth rate of the
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number Gt(ε) (for a complete introduction see [Mar09]). In this paper we
will focus on the strong polynomial entropy hpol (or polynomial entropy, for
short). The definition of hpol is recalled in Section 2.
It has been proved by A. Manning ([Man79]) that the topological entropy
of the geodesic flow φ restricted to the unit tangent bundle SM is related to
the growth rate of volume on the universal cover M˜ of M , endowed with the
lifted Riemannian metric. More precisely, Manning showed that if B(x, r) is
the ball in M˜ centered at x and of radius r and if V (x) is defined by
V (x) = lim sup
r→∞
1
r
Log VolB(x, r),
then V (x) ≤ htop(φ) for all x ∈ M˜ (V (x) is in fact independent of x).
In this paper we focus on the case where htop(φ) vanishes. One may then
expect the growth rate of the volume to be polynomial. Let τ(x) be defined
by
τ(x) = lim sup
r→∞
log VolB(x, r)
log r
= Inf
{
s ≥ 0 | lim sup
r→∞
1
rs
VolB(x, r) = 0
}
.
We will show in Section 3.1 that τ(x) is independent of x. Indeed, it is the
degree of growth of the fundamental group π1(M). We denote it by τ(M).
Section 3 is devoted to the proof of the following result.
Theorem 1. Let (M,g) be a compact Riemannian manifold and let φ be the
restriction of the geodesic flow to the unit tangent bundle SM . Then
τ(M) ≤ hpol(φ) + 1.
As a consequence, since τ(Tℓ) = ℓ, the polynomial entropy of a geodesic
flow on Tℓ is larger than ℓ − 1. For a flat metric on Tℓ, this inequality
becomes an equality. More generally, completely integrable geodesic systems
(see definition below) on the torus do minimize the complexity.
1.2. Entropy and integrable Hamiltonian systems. A Hamiltonian
function H on a symplectic manifold M of dimension 2ℓ is integrable in
the Liouville sense when there exists a smooth map F = (fi)1≤i≤ℓ from M
to Rℓ, which is a submersion over an open dense domain O and whose com-
ponents fi are first integrals in involution of the Hamiltonian vector field
XH . The fundamental example is that of completely integrable systems (one
also say in “action-angle” form) on the annulus Aℓ = Tℓ×Rℓ, that is, Hamil-
tonian systems of the form H(θ, r) = h(r). For instance, flat metrics on the
torus are in action-angle form. The structure of these systems is well known:
M is foliated by Lagrangian tori Tℓ × {r0} on which the flow is linear with
frequency ω(r0) := dh(r0).
In the general case, the regular set of the moment map F is a countable
union of “action-angle domains” where the system is symplectically conjugate
to a system in action-angle form (this is the Arnol’d-Liouville Theorem). It
is well-known that the topological entropy of a system in action-angle form
vanishes, so the entropy of a Liouville integrable system is “localized” on the
singular set of the map F .
It has been proved by Paternain ([Pat91]) that if M is 4-dimensional
and if the Hamiltonian vector field possesses a first integral f (independent
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of H) such that, on a regular level E of H, the critical points of f form
submanifolds, then the topological entropy of φH in restriction to E vanishes.
In Sections 4-7, we consider the particular class TM of tori of revolution
defined as follows:
(2) TM := {Σx,y(R2) | (x, y) ∈ P+M ×P} ⊂ {Σx,y(R2) | (x, y) ∈ P+×P}
where is P the space of 1–periodic smooth functions x : R → R, P+
the subspace of P of positive functions, P+
M
the subset of Morse functions
x ∈ P+ such that any critical value is reached once and where Σx,y is defined
by
Σx,y : R
2 −→ R3
(ϕ, s) 7→ (x(s) cos 2πϕ, x(s) sin 2πϕ, y(s)).
x
y
Figure 1. A meridian curve of a torus in TM
Let (x, y) ∈ P+ × P. For a sake of lightness, we just denote by Σ the
map Σx,y. We set T := Σ(R2), it is a compact surface homeomorphic to the
torus T2 = R2 \ Z2. We denote by Σ̂ the map defined on T2 such that the
following diagramm commutes:
R
2 Σ //
̟

T
T
2.
Σ̂
>>
⑤
⑤
⑤
⑤
⑤
⑤
⑤
⑤
Hence
T := {Σ̂x,y(T2) | (x, y) ∈ P+×P}, TM := {Σ̂x,y(T2) | (x, y) ∈ P+M×P}.
When T ∈ TM is endowed with the induced Euclidean metric, the geo-
desic Hamiltonian admits a first integral that satisfies Paternain’s hypothe-
ses. Indeed, we will see that the first integral is nondegenerate in the Bott
sense. In section 4, prove that, for each torus T ∈ TM , the geodesic flow φ
satifies hpol(φ) = 2. Therefore, such tori are cases of strict inequality for the
theorem B.
Burago et Ivanov showed that if g is a metric on Tn, and if B(x, r) is,
as usual, the ball with center x and of radius r in the universal cover Rn,
the limit Ω(g)) := limr→+∞
VolB(x,r)
rn exists and is independent of x. It
is the asymptotic volume of g. They prove that Ω(g) is equal, up to a
constant υ, to the volume V of the unit ball of the stable norm associated
to g. In section 5, we will show that for T ∈ TM , the integrability of the
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geodesic Hamiltonian permits to compute explicitely the volume Vg. Indeed,
the stable norm coincide with Mather’s β function which can be explicitely
determinated due to the existence of the first integral.
We recall the definitions of the stable norms and of Mather’s function in
paragraph 5.1. In paragraph 5.2, we determinate the expression of Vg for
tori in TM .
Finally observe that since the set PM is dense in the Fréchet space P,
our result is generic.
Aknowledgements. The questions addressed in this paper were suggested to
me by my advisor Jean-Pierre Marco. I want to thank him for his guidance
and for many helpful discussions during the realization of this work. I am
also grateful to Maxime Wolff for many instructive discussions about the
growth of groups.
2. Polynomial entropy
In this short section, we briefly define the polynomial entropy. For a more
complete introduction see [Mar09].
Let Φ = (φt)t∈R be a flow on a compact metric space X. For all t ∈ R,
we can construct as before the dynamical metrics associated to Φ by setting
dΦt (x, y) = sup0≤s<t[d(φs(x), φs(y))].
We denote by Gφt (ε) the minimal number of d
φ
t -balls of radius ε in a
covering of X
Definition 2.1. The polynomial entropy of Φ is defined by
hpol(φ) = sup
ε>0
lim sup
t→∞
LogGφt (ε)
Log t
= sup
ε>0
inf
{
σ ≥ 0 | lim
t→∞
1
tσ
Gφt (ε) = 0
}
.
The polynomial entropy hpol is a C
0-conjugacy invariant and does not
depend on the choice of topologically equivalent metrics onX. We emphasize
the following important fact.
Remark 2.1. When htop(f) > 0, hpol(f) = +∞.
Let us state the following resut proved in [LM].
Proposition 2.1. Let H : (α, I) 7→ h(I) be a C2 Hamiltonian function on
T ∗Tn. Let S be a compact submanifold of Rn, possibly with boundary. Then
the compact Tn × S is invariant under the flow φ and one has
hpol(φ|Tn×S ) = maxI∈S
rankω(I),
where ω : S → Rn, I 7→ dI(h|S ).
Corollary 2.1. If h is strictly convex and if S is a compact regular energy
level, one gets hpol(φ|Tn×S ) = n− 1.
3. Volume growth of balls and the polynomial entropy.
This section is devoted to the proof of Theorem 1. Here (M,g) is a
compact Riemannian manifold with Riemannian cover M˜ .
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3.1. The number τ(M). Recall that, for x ∈ M˜ :
τ(x) = inf{s ≥ 0 | lim sup
r→∞
1
rs
VolB(x, r) = 0} ≤ ∞.
We will first see that τ(x) is independent of x and of g: it is a topological
invariant of M .
A growth function is a nondecreasing function R+ → R+. For any x ∈ M˜ ,
the map νx : r 7→ VolB(x, r) is a growth function. To any nondecreasing
function β : N → N, one can associate the growth function α : t → β(⌈t⌉).
Therefore, the considerations below apply to nondecreasing functions N→ N.
Two growth functions α1 and α2 are weakly equivalent if there exist con-
stants λ, µ > 1 and C,C ′ ≥ 0 such that for all t ∈ R+,
α1(t) ≤ λα2(λt+ C) + C, α2(t) ≤ µα1(µt+ C ′) + C ′.
We then write α1 ∼ α2.
Let Γ be a finitely generated group and let S := (s1, . . . , sp) be a set of
generators. We denote by ℓS(γ) the word length of an element γ ∈ Γ, that
is, the smallest integer n for which there exists a sequence (s1, s2, . . . , sn) of
elements of S ∪ S−1 such that γ = s1s2 . . . sn. The word metric dS on Γ is
defined by
dS(γ1, γ2) = ℓS(γ
−1
1 γ2).
The group Γ endowed with dS acts on itself (by conjugacies) by isometries.
The growth function of the pair (Γ, S) is defined by:
β(Γ, S; k) := Card{γ ∈ Γ | ℓk(γ) ≤ k}.
The exponential growth rate of (Γ, S) is the upper limit :
ω(Γ, S) := lim sup
k→∞
k
√
β(Γ, S, k).
Remark that if S′ is another finite set of generators of Γ, there exists λ > 0
such that for all k ∈ N, β(Γ, S′, k) ≤ β(Γ, S, λk). Therefore the group Γ is
said to be of exponential growth if ω(Γ, S) > 1, of subexponetial growth if
ω(Γ, S) = 1 and of polynomial growth if there exists d such that β(Γ, S, k) ∼
kd. These definitions make sense since these properties do not depend on
the choice of S.
A quasi-isometry between two metric spaces (X, d) and (X, d′) is a map
f : X → X ′ such that there exist constants λ ≥ 1, C ≥ 0 and D ≥ 0 such
that
– for any z ∈ X ′ there exists x ∈ X such that d′(z, f(x)) ≤ D
– for all (x, y) ∈ X2, 1λd(x, y) − C ≤ d′(f(x), f(y)) ≤ λd(x, y) + C
The next theorem is due to Milor and Schwarzc (see [dlH00] or [BH99]).
Theorem 2. Let (M,g) be a compact Riemannian manifold. We set R :=
diamM := Max {d(p, q) | (p, q) ∈ M2}. Fix x ∈ M˜ and set B := B(x,R).
Then
(i) The set S := {γ ∈ π1(M) | γ 6= 1 and γB ∩ B 6= 0} is a finite set of
generators of π1(M).
(ii) The number r := Min {d(B, γB) | γ ∈ π1(M), γ /∈ S ∩{1}} is > 0 and
for all γ ∈ π1(M),
ℓS(γ) ≤ 1
r
d(x, γx) + 1
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(iii) The map π1(M) → M˜, γ 7→ γx is a quasi-isometry.
With the notation of the previous theorem, we denote by β the growth
function of the pair (π1(M), S).
Corollary 3.1. For any x ∈ M˜ , the maps νx and β are weakly equivalent.
Proof. We denote by nx the order of the isotropy subgroup of x and we
set λ := Max {d(x, γx) x ∈ S}. Fix k ∈ N. The closed balls B(y, 13r), for
y ∈ π1(M)x are pairwise disjoint, so
1
nx
β(π1(M), S; k) νx
(
1
3
r
)
≤ νx
(
kλ+
1
3
r
)
.
Conversely, let y ∈ B(x, k). Since the set {γB | γ ∈ π1(M)} is a covering of
M˜ , there exists γ ∈ π1(M), such that y ∈ B(γx,R). Now by theorem 2 (ii),
ℓS(γ) ≤ 1
r
d(x, γx) + 1 ≤ 1
r
d(x, y) +
R
r
. (∗)
Let δ(x, y) := 1rd(x, y)+
R
r . Then, the set {γB(x,R) | ℓS(γ) ≤ δ(x, y)} covers
B(x, k) and
νx(k) ≤ β
(
π1(M), S; k +
R
r
+ 1
)
νx(R). (∗∗)
Gathering (∗) and (∗∗), we conclude the proof. 
Therefore, if π1(M) has exponential or subexponential growth, ν(x) =
+∞. If π1(M) has polynomial growth with degree d, ν(x) = d. In particular,
this immediately proves the following proposition.
Proposition 3.1. τ(Tℓ) = ℓ.
3.2. Proof of Theorem 1. The Riemannian connexion onM enables one to
define a natural connexion on TM in the following way. If ν := (x, v) ∈ TM ,
the parallel transports of v along curves starting from x give rise to curves
t 7→ γ(t) = (x(t), v(t)) ∈ TM . The horizontal subspace H(ν) generated by
the initial conditions (γ(0), γ˙(0)) of these curves is complementary to the
vertical subspace V (ν) := ker dνπ. There exists a natural metric on TM ,
called the Sasaki metric for which H(ν) and V (ν) are orthogonal and both
isometric to TxM .
In the following,M is a compact Riemannian manifold and M˜ its universal
cover (with the lifted metric). Let us fix the notation.
– π : TM → M , π˜ : TM˜ → M˜ and p : M˜ → M are the canonical
projections,
– dM and dM˜ are the Riemannian distances on M and M˜ ,
– dTM and dTM˜ are the Riemannian distances on TM and TM˜ associated
with the Sasaki metric,
– (SM, dSM ) and (SM˜, dSM˜ ) are the unit tangent bundles endowed with
their induced metrics,
– φ = (φt)t∈R and φ˜ = (φ˜t)t∈R are the geodesic flows on SM and SM˜ .
Recall that for ε > 0, a subset A of a compact metric space (X, d) is said
to be (t, ε)-separated relatively to a continuous flow (ψt)t∈R on X if, for any
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a and b in A, sup0≤t′≤t d(ψt(a), ψt(b)) ≥ ε. If St(ε) is the maximal cardinal
for a (t, ε)-separated set, one has the following inequalities
St(2ε) ≤ Gt(ε) ≤ St(ε),
where Gt(ε) is defined relatively to the distances induced by ψt.
Proof of Theorem 1. It suffices to show that if s > hpol(φ) + 1, then s >
τ(M). Fix s > hpol(φ) + 1 and let η > 0. Then there exists tη > 0 such that
for all t ≥ tη,
1
ts−1
Gt
(ε
2
)
< η.
Let ρ such that for all x ∈ M˜ , the projection p : B(x, ρ)→M is injective.
Fix ε > 0 such that 2ε ≤ ρ. Let t > 0. Let us construct a (t, ε)-separated
set in SM for the flow (φt). Fix x ∈ M˜ and let C(x, t, t+ ε2) be the anular
zone defined by
C
(
x, t, t+
ε
2
)
= B
(
x, t+
ε
2
)
\B(x, t).
Let A be a 2ε-separated set in C(x, t, t + ε2) for the distance dM˜ , that is,
for any (a, b) ∈ A2, d
M˜
(a, b) ≥ 2ε. For all a ∈ A, there exists a segment of
unit speed geodesic γa with minimal length that joins x and a. Necessarily,
ℓ(γ) ∈ [t, t+ ε2 ]. We set va = γ˙a(0) ∈ SxM˜ . Then, for any a and b in A,
d
SM˜
(
φ˜t(va), φ˜t(vb)
)
≥ d
M˜
(
π˜ ◦ φ˜t(va), π˜ ◦ φ˜t(vb)
)
≥ d
M˜
(a, b) − d
M˜
(
π˜ ◦ φ˜t(va), a
)
− d
M˜
(
π˜ ◦ φ˜t(vb), b
)
≥ 2ε− ε
2
− ε
2
= ε.
So {va | a ∈ A} is (t, ε)-separated. Since the projection Txp is an isometry,
dSM (dxp(va), dxp(vb) = dSM˜ (va, vb), for all (a, b) ∈ A2. So
sup
0≤t′≤t
dSM (φ
t(va), φ
t(vb)) ≥ dSM (dxp(va), dxp(vb) ≥ ε
Assume that d
SM˜
(va, vb) ≥ ε. Then sup0≤t′≤t dSM (φt(va), φt(vb)) ≥ ε and
the set A = dxp({vA | a ∈ A}) is (t, ε)-separated for the flow φt.
Assume that d
SM˜
(va, vb) ≤ ε, then dM˜ (π˜(va), π˜(vb)) ≤ ε. Now by con-
struction of A, d
M˜
(π˜ ◦ φ˜t(va), π˜ ◦ φ˜t(vb)) ≥ ε, so there exists t0 ∈ [0, t] such
that
d
M˜
(π˜ ◦ φ˜t0(va), π˜ ◦ φ˜t0(vb)) = ε.
Therefore, since 2ε ≤ ρ, one gets dM (π ◦ φt0(dxp(va)), π ◦ φt0(dxp(vb))) = ε
and the set A is again (t, ε)-separated for the flow (φt).
Now, notice that sup
x∈M˜ VolB(x, 2ε) is finite. Indeed, since 2ε ≤ ρ,
VolB(x, 2ε) = VolB(p(x), 2ε) ≤ VolM . Let υ = VolM . For t ≥ tη,
(3) VolC
(
x, t, t+
ε
2
)
≤ υCardA ≤ υCardA
≤ υSt(ε) ≤ υGt
(ε
2
)
≤ ηυts−1.
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Consequently, since C(x, t, t+m ε2) =
m−1⋃
k=0
C(x, t+ k ε2 , t+(k+1)
ε
2), one has,
for m ∈ N∗,
VolC
(
x, t, t+m
ε
2
)
≤ ηυ
(
ts−1 + (t+
ε
2
)s−1 + · · · + (t+mε
2
)s−1
)
.
Assume that s ≥ 1. Then for each k ∈ N, (t+k ε2)s−1 ≤
2
ε
∫ t+(k+1) ε
2
t+k ε
2
xs−1dx,
which yields
VolC(x, t, t+m
ε
2
) ≤ ηυ2
ε
∫ t+m ε
2
t
xs−1dx ≤ ηυ 2
sε
(t+m
ε
2
)s.
Assume that 0 < s < 1. Then for each k, (t+ k ε2)
s−1 ≤ 2
ε
∫ t+k ε
2
t+(k−1) ε
2
xs−1dx,
which yields
VolC(x, t, t+m
ε
2
) ≤ ηυ2
ε
∫ t+(m−1) ε
2
t− ε
2
xs−1dx
≤ ηυ2
ε
∫ t+m ε
2
t− ε
2
xs−1dx ≤ ηυ 2
sε
(t+m
ε
2
)s.
In both cases, one gets, setting λ(ε) = υ
2
sε
:
VolB(x, t+m
ε
2
) = VolB(x, t) + VolC(x, t, t+m
ε
2
)
≤ VolB(x, t) + ηλ(ε)(t +mε
2
)s.
Finally:
lim sup
r→+∞
VolB(x, r)
rs
≤ sup
t∈[0,ε/2]
lim sup
m→∞
VolB(x, t+m ε2)
(t+m ε2)
s
≤ ηλ(ε).
Since η is arbitrary, the limit above is zero and s > τ(M). 
Example 3.1. The flat torus. Let gb be the flat metric on T
ℓ defined by
a positive definite bilinear form b on Rℓ. The cogeodesic flow φH on S
∗
T
ℓ is
in action-angle form, so by corollary 2.1 and proposition 3.1 one has
hpol(φH) = ℓ− 1 = τ(Tℓ)− 1
Since the geodesic flow φ and the cogeodesic flow φH are conjugate by the
Legendre map, hpol(φ) = ℓ− 1. So the geodesic systems on the torus which
are in action-angle form minimize the polynomial entropy.
4. The polynomial entropy for tori TM .
Let M be a 4-dimensional symplectic manifold and H : M → R be a
smooth function. We denote by φH the Hamiltonian flow associated with
H. A first integral f of φH is said to be nondegenerate in the Bott sense
on a compact regular energy level E of H if the critical points of f|E form
nondegenerate strict submanifolds. By nondegenerate, we mean that ∂2f is
nondegenerate on the normal subspaces to these submanifolds. We say that
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the triple (E , φH , f) is a nondegenerate Bott system. Such a system obviously
satisfies the hypotheses of Paternain’s theorem, and its topological entropy
vanishes.
One proves that the critical submanifolds of f|E may only be circles (that
is, periodic orbits of φH)), tori or Klein bottles (see [Mar93], [Fom88]). A
nondegenerate Bott system is said to be dynamically coherent if the critical
circles C are either elliptic periodic orbits or hyperbolic periodic orbits for
φH . The connected union of a hyperbolic orbit and its invariant manifold is
called an “eight-level”, we write ∞-level. In [LM], we proved the following
result.
Theorem 3. Let (E , φH , f) be a dynamically coherent system that possesses
a hyperbolic orbit. Then
hpol(φH) = 2.
We will now show that the geodesic flow (in restriction to every energy
level) on a torus of TM is dynamically coherent and possesses hyperbolic
orbits. We begin with studying the critical set of pϕ. Fix T ∈ T . The
Euclidean metric of R3 induces a Riemannian metric g on T . The pullback
g˜ := Σ∗x,yg of g is a Riemannian metric on R2 reads
∀ (ϕ, s) ∈ R2, g˜(ϕ,s) =
(
4π2x(s)2 0
0 r(s)2
)
,
where we denote by r(s) the positive square root of x′(s)2 + y′(s)2. The
Riemannian manifold (R2, g˜) is the Riemannian cover of (T , g).
The projection of g˜ on T2 is also denoted by g, so the quotient map Σ̂x,y
becomes an isometry between (T2, g) and (T , g).
Notation 4.1. We set m¯ := (ϕ¯, s¯) ∈ T2 and m := (ϕ, s) ∈ R2. If m¯ =
π(m), the spaces T ∗¯mT2 and T ∗mR2 are canonically isometric. We denote by
p := (pϕ, ps) their elements, so that the Liouville form on T
∗
T
2 (resp. T ∗R2)
reads λ = pϕdϕ¯ + sds¯ (resp. λ = pϕdϕ + sds). The functions x, y and r
induce functions on T2, also denoted by x, y and r.
The geodesic Hamiltonian H on T ∗R2 reads
H(ϕ, s, pϕ, ps) =
1
2
[
p2ϕ
4π2x(s)2
+
p2s
r(s)2
]
.
It is integrable in the Liouville sense, a first integral being the Clairaut
integral pϕ.
It projects in a natural way on a Hamiltonian function on T ∗T2 also
denoted by H. The associated Hamiltonian flows on T ∗T2 and T ∗R2 are
respectively denoted by (φtH)t∈R and (φ˜
t
H)t∈R. Let ̟
∗ : T ∗R2 → T ∗T2,
π : T ∗T2 → T2 and π˜ : T ∗R2 → R2 be the canonical projections. The
following diagram commutes.
T ∗R2
φ˜tH //
̟∗

T ∗R2 π˜ //
̟∗

R
2
̟

T ∗T2
φtH
// T ∗T2 π // T
2.
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Remark 4.1. If m̂ stands form or m¯, the orbits of (m̂, p) and (m̂,−p) project
by π or π˜ onto the same geodesic which they describe in opposite sense. We
set ζ : (m̂, p) 7→ (m̂,−p).
Every regular energy level H−1({e}) is a circle bundle parametrized by
T
3 ∋ (ϕ¯, s¯, θ) 7→ (ϕ¯, s¯, 2π
√
2e.x(s) cos θ,
√
2e.r(s) sin θ).
Let Pe be the restriction of pϕ to H
−1({e}). We denote by R(e) the set of
regular values of Pe.
Lemma 4.1. The set R(e) is a finite union of intervals −Ik(e), J(e) and
Ik(e) with Ik(e) = ]2π
√
2exk, 2π
√
2exk+1[ and J(e) = ]−2π
√
2ex1, 2π
√
2ex1[
where 0 < x1 < x2 < · · · < xn are the critical values of x.
Proof. Observe that Pe(ϕ¯, s¯, θ) := 2π
√
2e.x(s¯) cos θ does not depend of ϕ¯.
We set P̂e : (s¯, θ) 7→ P (0, s¯, θ). The critical points of P̂e are the pairs (s¯, θ)
such that: θ = 0 [π] and s is a critical point of x. Since x is a Morse function,
the set S of its critical points is finite and so is its set of critical values. We
set x(S) := {x1, · · · , xn} with x1 < x2 < · · · < xn. One just has to remark
that P−1e ({ρ}) 6= ∅ if and only if ρ ∈ [−2π
√
2exn, 2π
√
2exn]. 
We denote by s¯i the unique critical point in T such that x(s¯i) = xi.
Proposition 4.1. The system (H−1({e}), φH , Pe) is dynamically coherent
and possesses a hyperbolic orbit.
Proof. First we note that in the coordinates (ϕ¯, s¯, θ), XH reads
XH(ϕ¯, s¯, θ) =
(√
2e cos θ
2πx(s¯)2
,
√
2e sin θ
r(s¯)
,
x′(s¯)
r(s¯)x(s¯)
)
.
By lemma 4.1, the critical loci of Pe are the periodic orbits
C0i := {(ϕ¯, s¯i, 0) | ϕ¯ ∈ T} and Cπi := {(ϕ¯, s¯i, π) | ϕ¯ ∈ T}
with period Ti :=
√
2e
2πx2i
. They are exchanged by the symetry ζ, so we focus
on the case where θ = 0. By simple computation, one checks that:
− if xi is a maximum, there exist α ∈ ]0, π[ such that the eigenvalues of
DφTi(ϕ¯, s¯i, 0) are 1, e
iα and e−iα, and C0i is an elliptic orbit.
− if xj is a minimum, there exists λ > 0 such that the eigenvalues of
DφTj (ϕ¯, s¯j , 0) are 1, e
λ and e−λ and C0j is a hyperbolic orbit. 
Remark 4.2. The level P−1e ({2π
√
2ex1}) is the disjoint union of two∞-levels
P0e and P
π
e exchanged by the symetry ζ. Set θe : s¯ 7→ arccos x12π√2ex(s¯) . The
complementary set in P0e of the circle C01 has the two following connected
components:
W 0,+e := {(ϕ¯, s¯, θe(s¯) | (ϕ¯, s¯) ∈ T× T \ {s1}} ,
and
W 0,−e := {(ϕ¯, s¯,−θe(s¯)) | (ϕ¯, s¯) ∈ T× T \ {s1}} .
The unions G0,+e of the orbit C01 and the submanifold W 0,+e is a Lagrangian
Lipshitz graph over T2. We define in the same way the graph G0,−e , and the
graphs Gπ,+e and Gπ,−e . This particular property does not hold when when
xi > x1.
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5. The asymptotic volume for tori in T M .
In this section, we briefly recall definitions of the stable norms for tori
and state the result of Burago and Ivanov about the asymptotic volume.
Then we briefly recall the definitions of Mather’s function α and β. For a
more complete introduction, we refer to [Mas96], [BBI01] and [Pat99] for
the stable norms and to [Mat91], or to the very beautiful survey [Sor10] for
Mather’s theory.
5.1. Stable norms and Mather’s functions. Consider a Riemannian
metric g on the torus Tn. With an element γ ∈ H1(Tn,Z), we associate
the set C (γ) of closed C1 piecewise curves that represent γ. We define a
function f on H1(T
n,Z) by setting:
f(γ) := Inf {ℓg(c) | c ∈ C (γ)}.
The function
|| · ||s : H1(Tn,Z) → R
γ 7→ lim
n→∞
f(nγ)
n
extends to a norm on H1(T
n,R), called the stable norm associated with g.
We denote by g˜ the lifted metric on the universal cover Rn of Tn and by υg
the Riemannian volume of [0, 1]n. Identifying H1(T
n,R) with Rn we denote
by Vg the volume of the unit ball of || · ||s.
Theorem 4. (Burago-Ivanov) For any x in the universal cover Rn of Tn,
lim
r→∞
VolB(x, r)
rn
= υgV (g).
Consider a compact Riemannian manifold M and fix a Tonelli Lagrangian
L on TM . We denote by φL its Euler-Lagrange flow and by H its Fenchel-
Legendre transform. The Hamiltonian flow associated with H is denoted by
φH .
The orbits of φH are contained in the energy levels H
−1(e) and those of
φL in the subsets L−1(H−1(e)) (where L is the Legendre transform TM →
T ∗M). Due to the superlinearity, the sets H−1(e) and L−1(H−1(e) are
compacts.
Let M (L) be the set of probability measures µ on TM that are invari-
ant under φL and such that
∫
TM Ldµ < ∞. The compactness of the sets
L−1(H−1(e)) permits to prove that this set is non empty. The average action
AL on M (L) defined by
AL(µ) =
∫
TM
Ldµ
is lower semi-continuous and the the set of action-minimizing measures is
non empty.
Given µ ∈ M (L), one defines the following linear functional on H1(M,R)
by setting:
H1(M,R) → R
[η] 7→
∫
TM
ηdµ,
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where η is any representent of [η]. The rotation vector, (or the homology
class) of µ is the unique ω(µ) ∈ H1(M,R) such that∫
TM
ηdµ = 〈η, ω(µ)〉.
The map ω : M (L)→ H1(M,R) is continuous affine and surjective and the
Mather’s function β is defined as
β : H1(M,R) → R
ω 7→ min
{µ∈M (L) |ω(µ)=ω}
AL(µ)
One checks that β is a convex function. The following proposition is proved
in [Mas96].
Proposition 5.1. Assume that L is a geodesic Lagrangian on TTn. Then
β coincide with the stable norm ||γ||s.
If η is a 1-form on TM , it defines a new Tonelli Lagrangian on TM by
setting:
Lη(x, v) = L(x, v)− 〈ηx, v〉.
If η is closed, L and Lη have the same Euler-Lagrange flows. Actually,
changing the Lagrangian L by a closed 1-form does not perturb the dynamics.
Fix c ∈ H1(M,R), and let ηc be a representant of η. One says a measure
µ ∈ M (L) is c-action-minimizing if it minimizes ALηc among M (L). The
Mather’s function α is defined as
α : H1(M,R) → R
c 7→ − min
{µ∈M (L)
ALηc (µ)
The function α and β are convex conjugate.
For ω ∈ H1(M,R), we denote by M ω the subset of action-minimizing
measures with rotation vector ω. For c ∈ H1(M,R) we denote by Mc the
subset of c-action-minimizing measures.
Definition 5.1. The Mather set M˜ ω of a rotation vector ω ∈ H1(M,R) is
defined as:
M˜
ω :=
⋃
µ∈Mω
suppµ ⊂ TM
The Mather set M˜c of cohomology class c ∈ H1(M,R) is defined as:
M˜c :=
⋃
µ∈Mc
suppµ ⊂ TM
Theorem 5. Mather’s graph theorem. The sets M˜c and M˜
ω
L are com-
pact and φL-invariant. If π : TM → M is the canonical projection, the
restrictions π|M˜c and π|M˜ω are injective maps into M whose inverses are
Lipschitz.
IfH is a Tonelli Hamiltonian on T ∗M , the Fenchel-Legendre inverse trans-
form defines a Tonelli Lagrangian LH on TM . Therefore, one can associate
with H the Mather’s functions defined by LH . We denote them by βH and
αH .
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Theorem 6. Let H be a Tonelli Hamiltonian. Assume there exists an exact
symplectomorphism Ψ : T ∗M → T ∗M such that H ◦ Ψ is a Tonelli Hamil-
tonian. Then βH◦Ψ = βH and αH◦Ψ = αH .
Tonelli Hamiltonian on T ∗Tn and admissible tori. We now consider a Tonelli
Hamiltonian on T ∗Tn. We denote by L : TTn → R its associated Lagrangian.
As usual we denote by φH and φL their respective flows.
Definition 5.2. An admissible torus with rotation vector ω is a torus T ⊂
T ∗Tn such that
(1) T is a C1 Lagrangian graph T := {(x, c+dxu) |x ∈ Tn} whith c ∈ Rn
and u : Tn → R,
(2) T is φH -invariant,
(3) The restriction of φH to T is conjugate to the Kronecker flow φω on
T
n defined by φωt (x) = x+ tω.
The following proposition is an easy consequence of the Fenchel-Legendre
inequality.
Proposition 5.2. (1) If µ˜ is another φL-invariant probability measure
with rotation vector ω, then AL(µ) ≤ AL(µ˜). As a consequence
L−1(T ) = M˜ ω.
(2) If µ˜ is another φL-invariant probability measure, then ALc(µ) ≤
ALc(µ˜). As a consequence L−1(T ) = M˜c.
Assume now that the Hamiltonian H is in action-angle form, that is,
H(x, p) = h(p). Its associated Lagrangian is of the form L(x, v) = ℓ(v). The
cotangent bundle T ∗Tn is globally foliated by admissible tori T × {c} and
the tangent bundle by φL-invariant tori T×{ω}. Identifying H1(Tn,R) and
H1(T
n,R) with Rn, one easily deduces from proposition 5.2 that:
β(ρ) = ℓ(ρ), and α(c) = h(c).
In particular, one proves that
M˜c = M˜
ω = L−1(Tn × {c}) = Tn × {ω},
when ω = ∇h(c) and c = ∇ℓ(ω).
5.2. The constant Vg for tori of revolution. We come back to the torus
of revolution. We use the notation of lemma 4.1. For e > 0, we set
De :=P−1e ({J(e)})
Z−e :=P−1e ([−2π
√
2e.xn,−2π
√
2e.x1[)
Z+e :=P−1e (]− 2π
√
2e.x1,−2π
√
2e.xn]).
5.2.1. The domains De. For e > 0 and ρ ∈ J(e), we denote by θe,ρ the
function defined on T by θe,ρ : s¯ 7→ arccos ρ2π√2ex(s¯) . The set De has two
connected components exchanged by the symetry ζ and foliated by Liouville
tori:
D+e :=
⋃
ρ∈J(e)
T +e,ρ and D−e :=
⋃
ρ∈J(e)
T −e,ρ
14 CLÉMENCE LABROUSSE
where T +e,ρ := {(ϕ¯, s¯, θe,ρ(s)) | (ϕ¯, s¯) ∈ T2} and T −e,ρ = ζ(T +e,ρ).
The domains D+e and D−e are respectively bounded by G0,+e and Gπ,+e and
by G0,−e and Gπ,−e .
θ
Gπ,−e
Gπ,+e
s¯
G0,+e
G0,−e
3π
2
π
2
π
−π2
s¯1
Z+
Z−
D+e
D−e
D−e
Figure 2. The domains D+e and D−e .
5.2.2. The domains Z•e . Since P−1e ({∪n−1k=1Ik(e)}) and P−1e ({∪n−1k=1 − Ik(e)})
are exchanged by ζ, we focus on the first one. For 1 ≤ j ≤ n, we denote
by Pej the ∞-level defined by Pe(Pej ) = xj. It is the complementary set
in Z+e of the critical loci of Pe. So it has a finite number of connected
components Di,j , homotopic to D
∗ × T where D∗ is the open pointed disc.
Their boundary is either made of piece of a∞-level Pej and an elliptic orbit
Ei with xi < xj or two pieces of∞-levels Pej and Pei with xi < xj.
More precisely, Di,j = {(ϕ¯, s¯, θe,ρ) | (ϕ¯, s¯) ∈ T×Is, ρ ∈ ]2π
√
2exi, 2π
√
2exj[},
where θe,ρ : s 7→ arccos ρ2π√2ex(s) and where Is is a disjoint union of intervals
]s¯i1 , s¯j1 [ and ]s¯j2 , s¯i2 [ with
– s¯i1 < s¯i2 in x
−1(xi) and s¯j1 ≤ s¯j2 in x−1(xj),
– ]s¯ik , s¯jk [∩S = ∅ and ]s¯il , s¯jl [∩S = ∅.
The Liouville tori contained in Di,j are the connected union
Te,ρ := {(ϕ¯, s¯, θe,ρ(s¯)), | (ϕ¯, s¯) ∈ Be,ρ]} ∪ {(ϕ¯, s¯,−θe,ρ(s¯)), | (ϕ¯, s¯) ∈ Be,ρ]}.
where Be,ρ := T× [ce,ρ, ce,ρ] satisfies [s¯j1 , s¯j2 ] ⊂ [ce,ρ, ce,ρ] ⊂ [s¯i1 , s¯i2 ]
s¯
θ
s¯3 s¯2 s¯4s¯1 s¯1
Figure 3. The domain Z where there are 4 critical points
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5.3. The function β. By Mather’s graph theorem, none of the levels of pϕ
contained in the domains Z−e or Z+e can support a minimizing measure.
We set D+∞ := ∪e>0D+e and D˜+∞ := (̟∗)−1(D+∞). We first remark that the
Liouville tori Te,ρ contained in D+∞ and D−∞ are C1 graphs over T2. Due to
the symetry ζ, we can focus on D+∞. It admits the following parametrization:
D+∞ = {(ϕ¯, s¯, e, ρ) ∈ T2 ×D},
where D := {(e, ρ) | e > 0, ρ ∈ J(e)}. By Arnol’d Liouville’s Theorem there
exist an open domain B+ ⊂ R2 and a symplectic diffeomorphism
A+ : D+∞ → T2 ×B+
(ϕ¯, s¯, e, ρ) 7→ (α1, α2, I1, I2),
such that I1, I2 depend only on the value (e, ρ) of the moment map F :=
(H, pϕ) and generate 1-periodic Hamiltonian flows. We denote by H+ the
Hamiltonian function on T2 ×B defined by H+(I) = H ◦A−1+ (I).
In the same way, we set H− := H ◦ A−1− , where A− is the action-angle
transformation on D−∞.
Consequence: a) The flow φH on a torus Te,ρ is conjugate to a Kronecker
flow on the torus T2 × {I(e, ρ)}, and the tori Te,ρ are admissible tori with
rotation vector ∇H+(I(e, ρ)).
b) In the same way, the tori Te,ρ contained in D−∞ are admissible tori with
rotation vector ∇H−(I(e, ρ)).
Finally, one proves that the graphs G0,+e and Gπ,+e and by G0,−e and Gπ,−e
support a minimizing measure, indeed the support of such a measure is
contained in the hyperbolic circle C01 and Cπ1 .
Consequence: Roughly speaking, the function β associated with H is the
function β associated with the Hamiltonian H in restriction to D+∞
⋃D−∞.
Let us study the action-angle transformation A+ and A−. By symetry,
we can focus on A+. Set
τe,ρ =
∫ 1
0
r(t)√
2e− ρ2
4π2x(t)2
dt and ϕe,ρ :=
∫ τe,ρ
0
ϕ˙(t)dt.
In Appendix A, we prove that A+ can be constructed such that:
• I1(e, ρ) = ρ and I2(e, ρ) =
∫ 1
0
r(t)
√
(2e− ρ
2
4π2x(t)2
)dt.
•φtH(m, p) = φ
t
τe,ρ
I2
◦ φt
ϕe,ρ
τe,ρ
I1
(m, p).
Moreover, one checks that A+ preserves the Liouville form. The proof of the
following proposition is given in Appendix B.
Proposition 5.3. Let h+ : B → R be such that H+(α, I) = h(I). Then h
is convex and superlinear.
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Remark 5.1. The action variables given by A− are I−1 (e, ρ) = I1(e, ρ) and
I−2 (e, ρ) = −I2(e, ρ).
Corollary 5.1. The function β associated with H|
D
+
∞
coincide with the func-
tion β+ associated with the Hamiltonians H+.
Let ω+ : B+ → R2 : I 7→ ∇h+(I). We can define in the same way ω−.
By remark 5.1, one checks that ω−(I−) is the image of ω(I) by the map
(ω1, ω2) 7→ (ω1,−ω2). We set Ω+ = ω(h−1+ ({12})) and J := J(12 ) :=]− ρ0, ρ0[
with ρ0 := 2πx1.
Proposition 5.4. The submanifold Ω+ is the image of the curve ω parametrized
by
ω : J −→ R2
ρ 7→ ω(ρ) := (X(ρ), Y (ρ)) =
(
ϕρ
τρ
, 1τρ
)
.
Proof. Let (a, I) ∈ R2 ×B+. Let (m, p) such that A(m, p) = (a, I). We set
(a1(t), a2(t)) := (a1(φt(m, p)), a2(φt(m, p)).
The result comes from: φ
a1(t)
I1
◦φa2(t)I2 (σ(e, ρ)) = φtH(m, p) = φ
t
τe,ρ
I2
◦φt
ϕe,ρ
τe,ρ
I1
(m, p).

Lemma 5.1. Let γ := x′′(0). We set τρ := τ 1
2
,ρ, ϕρ := ϕ 1
2
,ρ and τ
′
ρ :=
dτρ
dρ
(ρ). One has the following asymptotic estimates:
(1) τρ ≃ρ→ρ0 −
ρ
3
2
0
ρ
r(0)
2
√
πγ
ln(ρ0 − ρ).
(2) ϕρ ≃ρ→ρ0 −
1
4π2
1√
ρ0
r(0)
2
√
πγ
ln(ρ0 − ρ).
(3) τ ′ρ ≃ρ→ρ0
1
4π2
1√
ρ0
r(0)
2
√
πγ
1
ρ0 − ρ .
Corollary 5.2. The curve ω extends by continuity to the closed interval J¯
with ω(ρ0) := (
1
4π2
1
ρ0
, 0) and ω(−ρ0) := (− 14π2 1ρ0 , 0). We still denote by Ω+
the image of ω.
Recall that T := 1
4π2
1
ρ0
is the period of the hyperbolic orbits C01 and Cπ1 .
The previous corollary may be interpreted in the following way.
Remark 5.2. The invariant measures µ associated with the hyperbolic or-
bit C01 and Cπ1 have respective rotation vectors ω(µ) := (T, 0) and ω(µ) :=
(−T, 0).
Obviously, the previous corollary holds for the submanifold Ω−. We set
Ω := Ω+(J¯) ∪ Ω−(J¯).
Corollary 5.3. The closed curve Ω is the unit sphere of the stable norm
associated with g. Therefore, the volume Vg is the volume of the compact
convex domain delimited by Ω and
Vg = 2
∫ ρ0
0
X ′(ρ)Y (ρ)dρ = 2
∫ ρ0
0
ϕ′ρτρ − ϕρτ ′ρ
τ3ρ
dρ.
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Appendix A. The action-angle variables for the torus of
revolution
We focus on the domain D+∞ and we use Arnol’d’s method “by quadrature”.
For T = (a, b) ∈ R2 we denote by ΦT the joint flow of the moment map
(H, pϕ), that is, Φ
(a,b)(m, p) := φaH ◦ φbpϕ(m, p).
For any ρ ∈ R(e) the Liouville torus Te,ρ is parametrized by (ϕ¯, s¯) and a
basis of H1(Te,ρ,Z) is given by ([γ1], [γ2]) where
γ1(t) = (t, 0) and γ2(t) = (0, t).
Let now σ¯ be any Lagrangian section of F with equation (ϕ¯, s¯) = (0, s¯0).
We set σ¯e,ρ = σ¯ ∩ Te,ρ. We look for a basis (T1, T2) of the isotropy subgroup
of Te,ρ (that depends smoothly on (e, ρ)) such that:
(t 7→ ΦtTℓ(σ¯e,ρ)) ∈ [γℓ] ℓ = 1, 2,
where [γℓ] denotes the rationnally homology class of the curve γℓ. Denoting
by λ the Liouville form on T ∗T2, the action variable I1, I2 will be defined as
Iℓ :=
∫
γℓ
λ.
One checks that we can choose T1 = (0, 1) and T2 = (τe,ρ,−ϕe,ρ) with
τe,ρ =
∫ 1
0
r(t)√
2e− ρ2
4π2x(t)2
dt and ϕe,ρ :=
∫ τe,ρ
0
ϕ˙(t)dt.
This yields:
I1(e, ρ) = ρ and I2(e, ρ) =
∫ 1
0
r(t)
√
(2e− ρ
2
4π2x(t)2
)dt.
From φtI2 := φ
tτe,ρ
H ◦ φ−tϕe,ρϕ = φtτe,ρH ◦ φ−tϕe,ρI1 , one immediately deduces
φtH = φ
t
τe,ρ
I2
◦ φ
ϕe,ρ
τe,ρ
I1
.
Appendix B. Convexity and superlinearity of h.
Recall that the action variables are given by:
I1(e, ρ) = ρ and I2(e, ρ) =
∫ 1
0
r(t)
√
(2e− ρ
2
4π2x(t)2
)dt,
where
(e, ρ) ∈ D := {(e, ρ) | e > 0, ρ ∈ J(e)} := {(e, ρ) | e > 0, |ρ| ≤ 2π
√
2ex1}.
Let f be the function defined on ] 1
x(1)2
,+∞[ by :
f : u 7→
∫ 1
0
r(t)
√
(u− 1
x(r)2
)dt.
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It is an increasing bijection. Denoting by g its inverse, one has I2I1 = f
(
2h
I2
1
)
,
that is,
h(I2, I1) =
I21
2
g
(
I2
I1
)
.
B.1. Convexity of h. One has: D2h(I1, I2) =
1
2G where G has the follow-
ing form:
G =
 g′′
(
I2
I1
)
g′
(
I2
I1
)
−
(
I2
I1
)
g′′
(
I2
I1
)
g′
(
I2
I1
)
−
(
I2
I1
)
g′′
(
I2
I1
)
2g
(
I2
I1
)
− 2
(
I2
I1
)
g′
(
I2
I1
)
+
(
I2
I1
)2
g′′
(
I2
I1
)

It suffices to show that the principal minors of this matrix are positive, that
is g′′
(
I2
I1
)
> 0 and that detD2H(I2, I1) > 0.
Since f is strictly concave and increasing, g est strictly convex, thus g′′ > 0.
On the other hand,
detD2h(I1, I2) = 2g
(
I2
I1
)
g′′
(
I2
I1
)
− g′2
(
I2
I1
)
=
1
4
(g2)′′
(
I2
I1
)
+
3
2
g2
(
I2
I1
)
(log g)′′
(
I2
I1
)
Since g is convex, increasing and positive, g2 is still convex, thus (g2)′′ > 0.
Let us show that log g is convex. Since log g is an increasing bijection, it
suffices to show that its inverse f˜ is concave. We have
f˜(u) = f(eu) =
∫ 1
0
√
r(t)(eu − 1
x(r)2
)dt,
Then
f˜ ′(u) =
∫ 1
0
r(t)eu√
r(t)(eu − 1
x(r)2
)
dt,
and
f˜ ′′(u) =
∫ 1
0
−1
x(t)2
r(t)eu
(r(t)(eu − 1
x(r)2
))
3
2
dt < 0.
B.2. Superlinearity of h. Set k := max{2√2x1,
∫ 1
0
r(t)dt}. Then
Max (|I1(e, ρ)|, |I2(e, ρ)|) ≤ k
√
e,
that is,
Max {|I1|, |I2|} ≤ k
√
h(I1, I2),
from which one immediately deduces the superlinearity.
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Appendix C. Asymptotic estimates for ϕρ, τρ and τ
′
ρ
Since x′(0) = 0, one has
1
4π2x(s)2
≃s→0 1
ρ20
(
1− 4πγ
ρ0
s2
)
.
Let α < γ < β. There exists δ1 > 0 such that forall s ∈]− δ, δ[,
1
ρ20
(
1− 4πβ
ρ0
s2
)
≤ 1
4π2x(s)2
≤ 1
ρ20
(
1− 4πα
ρ0
s2
)
1− ρ
2
ρ20
(
1− 4πα
ρ0
s2
)
≤ 1− ρ
2
4π2x(s)2
≤ 1− ρ
2
ρ20
(
1− 4πβ
ρ0
s2
)
1√
1− ρ2
ρ2
0
(
1− 4πβρ0 s2
) ≤ 1√
1− ρ24π2x(s)2
≤ 1√
1− ρ2
ρ2
0
(
1− 4παρ0 s2
)
ρ0
ρ20 − ρ2
1√
1 + ρ
2
ρ2
0
−ρ2
4πβ
ρ0
s2
≤ 1√
1− ρ24π2x(s)2
≤ ρ0
ρ20 − ρ2
1√
1 + ρ
2
ρ2
0
−ρ2
4πα
ρ0
s2
1)τρ =
∫ 1
2
− 1
2
r(s)ds√
1− ρ2
4π2x(s)2
. Let a < 1 < b. There exists δ2 such that for all
s ∈]− δ2, δ2[, ar(0) ≤ r(s) ≤ br(0). Let δ := min(δ1, δ2). For all s ∈ ]− δ, δ[,
one has:
ρ0
ρ20 − ρ2
ar(0)√
1 + ρ
2
ρ2
0
−ρ2
4πβs2
ρ0
≤ r(s)√
1− ρ24π2x(s)2
≤ ρ0
ρ20 − ρ2
br(0)√
1 + ρ
2
ρ2
0
−ρ2
4παs2
ρ0
Hence
(4)
ar(0)ρ0
ρ20 − ρ2
∫ δ
−δ
ds√
1 + ρ
2
ρ2
0
−ρ2
4πβs2
ρ0
≤
∫ δ
−δ
r(s)ds√
1− ρ2
4π2x(s)2
≤ br(0)ρ0
ρ20 − ρ2
∫ δ
−δ
ds√
1 + ρ
2
ρ2
0
−ρ2
4παs2
ρ0
.
Let ζ :=
√
ρ2
0
−ρ2
ρ , let k stands for 4πβ or 4πα and c stands for a or b. One
has using the change of variable u =
√
k
ρ0
1
ζ s:
cρ0r(0)
ρζ
∫ δ
−δ
ds√
1 + kρ0
s2
ζ2
=
cρ0r(0)
ρζ
ζ
√
ρ0√
k
√
k
ρ0
δ
ζ∫
−
√
k
ρ0
δ
ζ
du√
1 + u2
= 2
ρ
3
2
0
ρ
cr(0)√
k
argsh
(√
k
ρ0
δ
ζ
)
= −1
2
ln(ρ0 − ρ) + ln
 ρ
√
k
ρ0
δ
√
ρ0 + ρ
(
1 +
√
1 +
ρ20 − ρ2
ρ2 kρ0 δ
2
) .
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If f(ρ) = ln
(
ρ
√
k
ρ0
δ
√
ρ0+ρ
(
1 +
√
1 +
ρ2
0
−ρ2
ρ2 k
ρ0
δ2
))
, f is bounded over [0, ρ0]. Then:
ρ
3
2
0
ρ
ar(0)
2
√
πβ
≤ lim inf
ρ→ρ0
1
ln(ρ0 − ρ) ≤ lim supρ→ρ0
1
ln(ρ0 − ρ) ≤
ρ
3
2
0
ρ
br(0)
2
√
πα
.
Since these inequalities holds for any a < 1 < b and any α < γ < β, one has
∫ δ
−δ
r(s)ds√
1− ρ2
4π2x(s)2
≃ρ→ρ0 −
ρ
3
2
0
ρ
r(0)
2
√
πγ
.
Now since Tρ =
∫ δ
−δ
r(s)ds√
1− ρ24π2x(s)2
+
∫ 1
2
δ
r(s)ds√
1− ρ24π2x(s)2
+
∫ −δ
− 1
2
r(s)ds√
1− ρ24π2x(s)2
and since the two last integrals are uniformly bounded on [0, ρ0], one gets
the first equivalent.
2)ϕρ =
∫ 1
2
− 1
2
ρ
x(s)2
r(s)ds√
1− ρ2
4π2x(s)2
. Let a < 1 < b. There exists δ′2 such
that for all s ∈]− δ′2, δ′2[,
ar(0)
4π2ρ20
≤ r(s)
x(s)2
≤ br(0)
4π2ρ20
.
Let δ′ := min(δ1, δ′2). One has:
(5)
ρ
4π2ρ20
ar(0)ρ0
ρ20 − ρ2
∫ δ
−δ
ds√
1 + ρ
2
ρ2
0
−ρ2
4πβs2
ρ0
≤
∫ δ′
−δ′
ρ
x(s)2
r(s)ds√
1− ρ24π2x(s)2
≤ ρ
4π2ρ20
br(0)ρ0
ρ20 − ρ2
∫ δ
−δ
ds√
1 + ρ
2
ρ2
0
−ρ2
4παs2
ρ0
.
The end of the calculus is similar to the previous one and one gets the second
equivalent.
3)τ ′ρ =
∫ 1
2
− 1
2
ρ
4πx(s)2
r(s)ds
(1− ρ24π2x(s)2 )
3
2
. Let a < 1 < b. There exists δ′′2 such
that for all s ∈]− δ′′2 , δ′′2 [,
ar(0)
16π4ρ20
≤ r(s)
4π2x(s)2
≤ br(0)
16π4ρ20
.
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Let δ′′ := min(δ1, δ′′2 ). One has:
(6)
ar(0)
16π4
ρρ0
(ρ20 − ρ2)
3
2
∫ δ′′
−δ′′
ds
(1 + ρ
2
ρ2
0
−ρ2
4πβs2
ρ0
)
3
2
≤
∫ δ′′
−δ′′
ρ
4π2x(s)2
r(s)ds
(1− ρ2
4π2x(s)2
)
3
2
≤ br(0)
16π4
ρρ20
(ρ20 − ρ2)32
∫ δ′′
−δ′′
ds
(1 + ρ
2
ρ2
0
−ρ2
4παs2
ρ0
)
3
2
.
Using the same change of variables u =
√
k
ρ0
1
ζ s, one gets if k stands for 4πβ
or 4πα:
∫ δ′′
−δ′′
ds
(1 + ρ
2
ρ2
0
−ρ2
4πβs2
ρ )
3
2
= ζ
√
ρ0
k
√
k
ρ0
δ
ζ∫
−
√
k
ρ0
δ
ζ
du
(1 + u2)
3
2
= 2ζ
√
ρ0
k
√
k
ρ0
δ
ζ
(√
1 +
k
ρ0
δ′′2
ζ2
)−1
= 2ζ
√
ρ0
k
(√
1 +
ρ0
k
ζ2
δ′′2
)−1
=
√
ρ20 − ρ2
ρ
√
ρ0
k
(√
1 +
ρ0
k
ζ2
δ′′2
)−1
.
Hence if c stands for a or b:
cr(0)
16π4
ρρ0
(ρ20 − ρ2)
3
2
∫ δ′′
−δ′′
ds
(1 + ρ
2
ρ2
0
−ρ2
4πβs2
ρ )
3
2
=
cr(0)
16π4
1√
kρ0
ρ20
ρ20 − ρ2
(√
1 +
ρ0
k
ζ2
δ′′2
)−1
.
Now since
ρ2
0
ρ2
0
−ρ2 =
1
2
(
ρ0
ρ0−ρ +
ρ0
ρ0+ρ
)
, one has the following equivalent:
cr(0)
16π4
ρρ0
(ρ20 − ρ2)
3
2
∫ δ′′
−δ′′
ds
(1 + ρ
2
ρ2
0
−ρ2
4πβs2
ρ )
3
2
≃ρ0→ρ
cr(0)
16π4
√
ρ0√
k
1
ρ0 − ρ.
As before, since a < 1 < b and α < γ < β are arbitrary, one gets∫ δ′′
−δ′′
ρ
4π2x(s)2
r(s)ds
(1− ρ24π2x(s)2 )
3
2
≃ρ0→ρ
r(0)
32π4
√
ρ0√
πγ
1
ρ0 − ρ.
To conclude, one juste has to observe that the two integrals∫ −δ′′
− 1
2
ρ
4πx(s)2
r(s)ds
(1− ρ2
4π2x(s)2
)
3
2
and
∫ 1
2
δ′′
ρ
4πx(s)2
r(s)ds
(1− ρ2
4π2x(s)2
)
3
2
are bounded on [0, ρ0].
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